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We have studied superfluorescence (SF) in Ca vapor evolving on the 3d4s3DJ-4s4p3PJ−1 transitions at 1.9 !m
by exciting the 4s21S0-4s4p1P1 with a pulsed dye laser. SF is generated following population transfer by spin-
changing collisions with an inert gas Ar from the 4s4p1P1 and 3d4s1D2 levels. We show for the first time to our
knowledge that the time delay for SF evolution follows the 1/!N dependence expected for the case of uniform
excitation of the vapor column by collisional transfer. Here, N is the number of participating atoms that was
measured directly from the photon yield. The measured photon yield for the signal as a function of Ar pressure
was found to be consistent with rate equations that simulate the buildup of populations in the 3DJ levels based
on known collisional rates. This suggests that collisional rates can be directly inferred on the basis of SF pho-
ton yields and the atomic level populations. The pulse shapes for SF show temporal oscillations that depend on
two distinct factors. The first is the presence of a number of independently evolving regions in the gain me-
dium, and the second is the presence of spatial modes. Temporal ringing is a well-known effect related to the
exchange of energy between the atoms and the radiation field during pulse propagation. However, the temporal
ringing observed in this experiment is far more pronounced than in previous SF experiments due to a particu-
lar choice of evolution parameters. This should make it feasible to compare our results with detailed numerical
simulations that have been carried out previously. © 2005 Optical Society of America

OCIS codes: 020.0020, 270.0270, 020.1670, 020.2070, 190.5530, 270.6630.

1. INTRODUCTION
During the past three decades, there has been consider-
able interest1–4 in storing energy in the electronic states
of the alkaline earths with the goal of identifying transi-
tions for laser emissions out of these levels. These elec-
tronic states have been produced as a by-product of
chemical reactions5–7 or as a result of direct collisional
transfer of populations from the upper levels. Here, we
describe our investigations of the properties of superfluo-
rescence (SF) emission near 1.9 !m on the 3d4s3DJ
-4s4p3PJ−1 transitions in Ca vapor as a result of spin-
changing collisions with a perturbing gas (Ar). These col-
lisions transfer populations to the 3DJ levels from the
4s4p1P1 and 3d4s1D2 levels (see Fig. 1). In this case, the
4s4p1P1 levels were excited by a pump laser tuned to the
vicinity of the 4s21S0-4s4p1P1 transition.

SF refers to the evolution of an initial population into a
coherent state by means of coupling through a common
electromagnetic field.8–11 The process starts from sponta-
neous emission and results in a burst of radiation. The
evolution of a SF pulse is influenced by quantum fluctua-
tions so that the pulse amplitude, pulse width, and evolu-
tion time (or delay time, generally defined as the time be-
tween the onset of the excitation pulse and the peak of the
SF pulse) show characteristic statistical variations from
shot to shot. In this work, we have measured the delay
time for the 1.9-!m SF transition by varying the 3DJ

population. Our results indicate that the delay time ex-
hibits the predicted 1/!N dependence, where N is the
number of participating atoms. This scaling law is related
to the existence of a number of independently evolving
slices in the sample and can be expected to apply to a va-
riety of atomic systems that are transversely excited. Ex-
amples include atomic beams and SF-like lasers such as
the Cu vapor laser,12 which utilizes electron impact colli-
sions for uniform excitation of the gain medium. However,
perhaps somewhat surprisingly, to our knowledge this
scaling law does not seem to have been observed in previ-
ous work. Another aspect of our studies is that we mea-
sure the delay time and the number of participating at-
oms directly from the photon yield. Previous SF
experiments have relied on indirect estimates of the di-
pole coupling time to establish scaling laws.13 Therefore
our measurements of the scaling laws are also more pre-
cise compared with previous work.

We have studied the dependence of the photon yield for
the 1.9-!m SF on Ar pressure and modeled the results us-
ing simple rate equations to describe the 3DJ population.
We use the most accurate measurements of relevant col-
lisional rates14 for this analysis. The measurements in
Ref. 14 were based on laser-induced fluorescence experi-
ments in which the time-dependent populations of excited
levels were recorded. In these experiments, it was crucial
to ensure that the effects of radiation trapping were neg-
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ligible. The agreement between our data and the simpli-
fied rate equation analysis suggests that it should be pos-
sible to infer the collisional rates by measuring the SF
photon yields and improving the precision associated with
our measurements of the excited level populations. An im-
portant distinction is that this technique would be im-
mune to the effects of radiation trapping.

We also present for the first time to our knowledge con-
vincing evidence for temporal oscillations in SF pulses
that are attributed to absorption and reemission of radia-
tion as the pulse propagates between independently
evolving regions within the sample. Competition between
spatial modes is also shown to reduce the temporal ring-
ing. Temporal ringing in SF has been studied extensively
on the basis of simulations,11,15 and there is a general un-
derstanding of effects that contribute to the ringing ob-
served in our experiments. However, the comparison be-
tween experiment and simulations11 is strikingly
inadequate. The temporal ringing observed in this work is
very pronounced because the evolution parameters in the
Ca system are clearly different from previous work. This
makes it possible to make detailed comparisons between
simulation and theory.

The rest of this paper is organized as follows. In Section
2 we review related work in Sr and Ca, the properties of
the Ca atomic system, and measurements of collisional
cross sections used for understanding the mechanism of
population transfer to the 3DJ levels. In this section we
also introduce scaling laws that have been predicted for
SF and discuss the origin of temporal ringing. In Section
3 we give a brief description of the experiment, and Sec-
tion 4 contains a discussion of the results.

2. MECHANISM OF POPULATION
TRANSFER
A. Properties of the Calcium Atomic System
It has been known that inelastic collisions are effective in
transferring population from the 5s4p1P1 and 5s4d1D2
levels to the 5s4d3DJ levels in Sr.1 When the 1S0-1P1
transition was excited with a 10-ns pulse from a dye laser
(peak power of 300 kW) in the presence of a buffer gas (He

at "800 Torr), laser emissions near 6.5 !m on the
5s5p1P1-5s4d1D2 transition and near 2.9 !m on the
5s4d3DJ-5s5p3PJ−1 transitions were observed. The peak
power of the latter emissions of "4 kW was an order of
magnitude larger than the peak power of the 6.5-!m
emission. The 3DJ levels were thought to be populated in
two steps. The first step was considered to involve direct
collisional transfer from the 1P1 level to the metastable
1D2 level. This was thought to result in the diminution of
the intensity of the 6.5-!m emission. The second step was
inferred to be a result of a spin-changing collision from
1D2 to 3DJ. It was also demonstrated that the rates for
collisional transfer from 1D2 to 3PJ−1 and from 3DJ to
3PJ−1 were negligible.

Subsequent measurements of the overall cross sections
for excitation from 1P1 to 3PJ were carried out in Sr and
Ca.16 The experimental conditions were designed to avoid
cooperative emission on at least the 1P1-1D2 transition.
Once again, significant collisional depopulation of the 1P1
level was observed.

Similar measurements were performed in Ca.17 How-
ever, the pathways of population transfer to the 3PJ levels
were not identified. In this work it was assumed that the
transfer occurred in a two-step process from the 1P1 to the
1D2 and then from 1D2 to 3DJ. The results suggested that
the rate of transfer from 1P1 to 1D2 was at least a factor of
10 smaller than the rate for 1D2-3DJ.

The work of Ref. 18 showed conclusively that the as-
sumption of a two-step process was not justified. The rela-
tive populations of the 1D2 and 3DJ levels in Ca were mea-
sured with a probe laser pulse applied "8 ns after
excitation of the 1P1 level. In the absence of SF at 5.5 !m,
an almost exclusive production of the 3DJ levels was ob-
served. The branching ratio for collisional deactivation of
the 1P1 state to the 3DJ levels was over 0.9 for all noble
gases. Furthermore, a nearly statistical mixture of popu-
lations (7:5:3) in the 3DJ levels was observed even at Ar
pressures of "25 Torr.

Refined measurements have been reported in Ref. 14
for the absolute values of the rate coefficients for colli-
sional deactivation of the 1P1 and 1D2 levels to the 3DJ
levels in Sr. Using values of k1#1P1-3DJ$=2
"10−11 cm3 s−1 and k2#1D2-3DJ$=4.3"10−11 cm3 s−1 for
Ar from Ref. 14, we estimate corresponding rate coeffi-
cients in Ca to be k1"5.7"10−13 cm3 s−1 and k2"1.2
"10−12 cm3 s−1. This estimate is based on the measure-
ments of the total 1P1-3PJ cross sections that was found to
be in the ratio of ##Sr$ /##Ca$"35.16 Since the experiment
described in this paper was carried out at a cell tempera-
ture of "900 K, the values for the rates in Ref. 14 that
were obtained at 750 K were corrected by a factor of 1.1
for the temperature difference (since the relative velocity
scales as !T) and then by a factor of 35 to obtain the cor-
responding rates for Ca.

In this work, we find that the 1P1 level can be popu-
lated in the presence of a small concentration of Ar gas
#"1 Torr$ even when the pump laser is detuned by sev-
eral wave numbers. This process involves collisional
transfer from the dressed states and multiphoton
processes.19 After the turnoff of the pump laser, a sub-
stantial fraction of the ground-state population (the typi-
cal 1S0 density "5"1014 cm−3) is present in the 1P1 state.

Fig. 1. Ca energy level diagram. Wavy lines show SF transi-
tions; dashed lines show collisional channels; the solid line is the
pump transition.
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Although the lifetime of the 1P1 level is less than "5 ns,20

radiation trapping preserves the excited-state population
for time scales of the order of "1 !s, thereby allowing SF
to evolve on the 4s4p1P1-3d4s1D2 transition at 5.5 !m.21

Although the radiative rate for the 5.5-!m transition is
small (3.68"103 s−1, as measured in Ref. 22), this process
can occur with a quantum efficiency of order unity.21 This
SF emission has a characteristic delay time that can vary
from "10 to 50 ns. We also note that the lifetime of the
metastable 1D2 state is "1 ms.2 Therefore the 3DJ levels
can be excited by collisional transfer from the 1P1 (start-
ing immediately after the pump pulse) and the 1D2 levels
following the evolution of 5.5-!m SF. Subsequently, SF
emission is observed to occur on the 3DJ-3PJ−1 transitions
with delay times of "30–100 ns. This delay time was al-
ways larger than the delay time for the 5.5-!m SF. As ex-
pected, the delay time for 1.9-!m SF is much shorter than
the radiative decay time of the 3DJ levels #"2.9 !s$.14 In-
creasing the Ar buffer gas pressure results in an increase
in the SF photon yield of both 5.5- and 1.9-!m SF emis-
sions until the collisional rate is sufficiently large to
dephase the cooperative emission.21 The radiative rate of
the 3PJ−1 levels is "400 !s (Ref. 23) and is known to have
an effective decay time of "1 ms due to intermultiplet
transfer at high buffer gas pressure.16 Thus the excited
system relaxes to the ground state on a time scale of
"10 ms. This makes it possible to operate the pump laser
at a rate of 10 Hz.

B. Superfluorescence Scaling Laws
SF has been studied extensively over the past few de-
cades, and this work has been thoroughly reviewed in
Refs. 9–11 and 24. Other applications of SF relating to
new schemes for laser emissions are described in Refs. 25
and 26, and applications pertaining to free electron lasers
are described in Ref. 27. There is continued interest in
studying SF for improving theoretical understanding,28

for detecting species concentrations,29,30 for determining
molecular level structure,31 and in the context of generat-
ing new nonlinear effects.32

The scaling laws for SF can be quantified in terms of
the propagation time $E for light through the medium and
the dipole coupling time $R given by $R=1/N%!.24 Here N
is the number of participating atoms, % is the radiative
rate for the SF transition, and != #3/8&$#'2 /A$ is the dif-
fraction solid angle of the cylindrical interaction volume (
"1.5"10−7 for '=1.9 !m). Here A is the area of cross sec-
tion of the cylinder. The effect of ! is to amplify modes as-
sociated with the long axis of the cylindrical column. The
threshold for SF occurs when $R=T2, where T2 is the ef-
fective dephasing time that has contributions from natu-
ral broadening, Doppler broadening, and collisional
dephasing.

For longitudinal or swept excitation, no upper limit on
the number of atoms participating in SF is expected since
SF, initiated in time $R, follows the pump pulse through
the amplifying medium at nearly the same speed. For
transverse excitation, as in pulsed excitation of an atomic
beam, SF can evolve over a column of length L only if $E
($R. This yields an upper limit for the largest number of
atoms Nc that can emit cooperatively.33 The SF peak in-
tensity )N2 and the pulse width scales as 1/N%. The SF

delay time $D scales as 1/N in this regime. It is this re-
gime that has been extensively explored in early SF ex-
periments reviewed in Refs. 9–11 and 24. If $E*$R, the ef-
fects of propagation become important. The excited
column can be considered to be divided into a number of
noninteracting slices, each of which emits cooperatively.24

In this regime, the SF peak intensity )N, the pulse width
scales as 1/!N%, and the delay time that is proportional
to the dipole coupling time $R! of a single slice is )1/!N.

Our experiments were specifically designed to observe
this scaling law since it can be expected that the buildup
of 3DJ states will be uniform along the length of the cell
and result in a 1/!N dependence for $D. Another feature
of collisionally induced SF is that the emission can be in-
sensitive to any coherent effects created by the pump
pulse.34,35 Such effects can appreciably change the scaling
laws describing the properties of SF pulses.

It should be noted that the atomic beam experiment in
Ref. 13 was operated mostly in the regime of pure SF. Al-
though the regime characterized by $E*$R could be ac-
cessed in these experiments, no measurements of the de-
lay time were reported in this regime. However, changes
in the SF pulse shapes were observed under conditions for
which $E=$R.

C. Temporal Ringing
The Fresnel number of the system given by F=A /'L can
be used to characterize the shape of the volume of the ex-
cited column. This parameter specifies the modes of the
radiation field to which the dipoles are coupled, since F2 is
a measure of the number of spatial modes.36 When F*1,
the geometric solid angle of the excited atoms is larger
than the diffraction angle of a mode, and consequently a
large number of modes can contribute to the emission.
When F(1, only a single mode can contribute. But this
mode has a large divergence that results in attenuation of
the SF pulse due to diffraction.

To a good approximation, the variation in the electric
field evolving along the long axis of the cylindrical column
can be limited to being only along the propagation direc-
tion if F is of the order of unity. However, this is true only
if $E($R. If $E*$R, the division of the sample into a num-
ber of slices implies that F*1 for each slice if F=1 for the
entire column.

The evolution of SF has been described both by semi-
classical mean-field theories37–40 and by fully quantum-
mechanical theories,41,42,24 which account for the effects
of pulse propagation. Both theories predict temporal ring-
ing in the SF pulses by solution of the Maxwell–Bloch
equations. Although the mean-field theory regards all at-
oms as being subject to the same local environments (all
atoms evolve because of the same noise term), the
quantum-mechanical theories divide the atoms into many
regions within which all atoms have the same noise term.
Thus atoms in the sample evolve in differing local envi-
ronments. The mean-field theory also ignores the fact
that, during the classical stage of emission (a few $R into
the evolution), the values of the atomic polarization, elec-
tric field, and number density acquire different values in
different regions of the sample within a single slice. The
propagation theories take this into account.
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As a result, the mean-field theory predicts smooth
sech2 pulses corresponding to an overdamped Bloch vec-
tor swinging smoothly between the excited state and the
final state. It does, however, predict fluctuations in the
time delay from shot to shot.24

The quantum-mechanical theories, on the other hand,
predict temporal ringing even for the case of a single slice.
Since the atoms in different regions evolve at different
rates, there is an exchange of energy between the atoms
and the evolving field resulting in oscillations of the Bloch
vector as it settles into its position in the final state. The
quantum-mechanical theories also predict shot-to-shot
fluctuations in time delay, peak height, temporal ringing,
and pulse shapes.24

As the number of independent slices increases, the
mean-field theory also predicts oscillations for the Bloch
vector. The temporal ringing is caused by absorption and
reemission of radiation during the propagation. The SF
pulse shape is thus a succession of sech2 pulses of dimin-
ishing intensity.

In the presence of dephasing, the length of the Bloch
vector shortens as it reaches the final position, and the
energy transferred to the adjacent slice is reduced. This
causes the temporal ringing to be damped. It has been
shown in Refs. 43 and 44 that the mean-field theory, in
the absence of dephasing, predicts that the number of
temporal lobes will be equal to the number of slices.

The predictions made by the quantum-mechanical
treatment are very similar to those of the mean-field theo-
ries when a number of slices are present in a sample. The
ringing produced by a single slice will rapidly get smeared
out when the radiation passes from one slice to the other.
For a large number of slices, the output will show ringing
only because of absorption and reemission during propa-
gation. Once again, in the presence of dephasing, the ring-
ing can be expected to be damped.

Among several reports of SF experiments, three are
noteworthy for their attempts to understand the origin of
the ringing. The experiments of Ref. 45 in hydrogen fluo-
ride gas were performed with a single slice and showed
less ringing than predicted by Ref. 46. This was attrib-
uted to diffraction losses, although the experiment was
performed with a Fresnel number close to one. However,
the results were interpreted in Refs. 43 and 44 to be in
accord with the ringing predicted by quantum-mechanical
theories.

An experiment in a Cs atomic beam13 yielded smooth
pulses when the number of slices was of the order of unity
and pulses with oscillations when the number of slices
was increased. It was shown in Refs. 43 and 44 that such
behavior was in reasonable agreement with the predic-
tions of the mean-field theory.

In Ref. 47 a single velocity group of excited atoms was
prepared in a Rb cell, and the experiment was performed
in the single-slice regime. Temporal ringing was observed
when a pinhole was placed at the center of the SF beam.
The ringing was washed out because of spatial averaging
without the pinhole. These results showed that the ring-
ing was intrinsic to SF and suggested that the Cs experi-
ment saw smooth pulses in the single-slice regime be-
cause of spatial averaging. It is believed that the small
amount of ringing in the hydrogen fluoride gas experi-

ment was on account of the detector subtending most of
the pulse. These conclusions on the effect of spatial aver-
aging are in accord with the results of Ref. 15. In this
work, transverse effects in SF were studied through ex-
tensive numerical simulations. The results show that, for
a Fresnel number of the order of unity, the active area of
the detector would have to be much smaller than the SF
beam size to observe ringing in the single-slice regime.
Other effects that can reduce temporal ringing relate to
interference between forward- and backward-going SF
pulses.48 The influence of radiation trapping in reducing
the temporal ringing of 5.5-!m SF was considered in Ref.
49.

3. EXPERIMENTAL DETAILS
The experiment was carried out in a stainless-steel cell of
length 50 cm. Ca pellets were loaded in the region be-
tween knife-edge baffles at either end of the cell. The tem-
perature of the cell #"900 K$ was uniform and could be
controlled to within ±2°C. The pressure of the Ar gas
#research purity*99.9995% $ was measured by a capaci-
tance manometer calibrated to ±0.2%.

The Ca column was longitudinally pumped by pulses
from a multimode (1–2-GHz bandwidth) homemade dye
laser tuned to the vicinity of the principal resonance line
at 4227 Å (see Fig. 2). The dye laser was pumped by light
from a frequency-tripled (355-nm) commercial YAG laser
that has a repetition rate of 10 Hz. The dye laser con-
sisted of a double-grating oscillator cavity (Littman de-
sign), which was transversely pumped, and three ampli-
fying stages. The pump pulse had a FWHM of 6 ns and an
average energy per pulse of "1.5 mJ as measured with a
calibrated thermopile #±2% $. The spatial profile of the
pump laser was Gaussian. The beam was collimated to
have a confocal parameter greater than the length of the
cell.

The IR emissions from the cell were incident on a
Ge:Hg detector that had a home-built transmission line.
The crystal was mounted on a cryorefrigerator operating
on compressed He and cooled to "30 K. The bandwidth of
the detector was assessed to be "350 MHz.

While studying the temporal features of SF, we made
sure to arrange the Ge:Hg detector so that the diffraction
angle of the IR was much greater than the subtended
solid angle of the detector.

The output of this detector was connected either di-
rectly to a 1-GS/s digitizing oscilloscope with a suitable
amplifier. The scope was triggered by the pump pulse in-
cident on a Si p-i-n photodiode that had a rise time of

Fig. 2. Schematic of experiment. C, cell with Ca and Ar; D, de-
tector; S, oscilloscope; F, filter or spectrometer.
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(1 ns. The area under the pump pulse was held constant
to within "10% during the entire experiment.

The SF emissions at 5.5 and 1.9 !m could be spectrally
resolved with suitable IR bandpass filters, or a 0.75-m
monochromator (with a 75 grooves/mm grating blazed for
10 !m).

The ground-state density was measured with an uncer-
tainty of ±30% by attenuating the pump laser, scanning it
across the 4s21S0-4s4p1P1 transition, and measuring the
integrated linewidth.50 The same technique was used to
infer the 1P1 immediately after the pump pulse.21 The ab-
solute yield of SF photons was measured with a LiTaO3
pyroelectric detector calibrated #±15% $ against the ther-
mopile. This detector and its home-built amplifier had
"1-nJ energy resolution at a signal-to-noise ratio of order
unity. The number of photons in the SF pulse was ap-
proximately the same for emissions from the back and
front ends of the cell. The total SF photon yield is used in
the analysis of the data.

Of the six possible SF transitions to the 3P levels, three
(3D3-3P2 , 3D2-3P1, and 3D1-3P0) have been found to occur
in Sr.1,3 These correspond to the three largest transition
probabilities. We were able to observe only the 3D3
-3P2#1.97-!m$ and 3D2-3P1#1.95-!m$ emissions in Ca af-
ter spectrally separating the components. This behavior is
consistent with the findings in Ref. 14 that suggest that
the population distributions in the 3DJ state were not sta-
tistical and favored the strongest transitions.

4. RESULTS AND DISCUSSION
A. Time Delays
Figure 3 shows the observed time delays (measured from
the 10% point at the leading edge of the pump pulse to the
peak of the SF pulse) as a function of the SF photon yield
N. The data were obtained at an Ar pressure of 405 Torr.
The only SF emission present was due to the 1.97-!m
transition. The number of participating SF atoms (SF
photon yield) was measured by varying the pump laser
detuning. The dashed line is the delay time predicted by

TD = $R%1

4
ln#2&N$&2

, #1$

with N replaced by the number of atoms N! in each slice
and $R replaced by the dipole coupling time of a single
slice $R!. Here, the number of atoms in each slice N! was
estimated from S=N /N!=!$E /$R. Equation (1) was de-
rived from a fully quantum-mechanical description.41

This line exhibits "1/!N power-law dependence dis-
cussed earlier. Thus the data seem to be consistent with
the dependence predicted for the case of a number of in-
dependent slices in the excited column. The 1/N depen-
dence predicted by Eq. (1) is shown in Fig. 3 as the dotted
line, and it clearly does not model the data.

We now discuss reasons that can contribute to the dis-
crepancy between the dashed line and the data. The first
relates to the uncertainty in the knowledge of the time at
which the 3DJ population is sufficiently large so that $R!
(T2 and SF begins to evolve. Fitting the data to the form
1/Nx+b gives x=0.37±0.050 and a temporal offset b
=9.4 ns (solid line). The value of the offset suggests that

the 3DJ begins evolving collectively at the end of the
pump pulse. The second factor relates to the relatively
small correction that has to be applied to the theoretical
expression for the time delay to account for the effect of
dephasing. Such a correction would affect the predicted
values for smaller N more than it would for larger N. An-
other reason could include the presence of multiple spa-
tial modes. Intramultiplet mixing, which shuffles popula-
tions within the 3DJ states [6"107 #s/atom$ at 400 Torr],
is also expected to have a small contribution.

B. Photon Yields
The data in Fig. 4(a) show the photon yield at 1.9 !m due
to all observed SF emissions as a function of Ar pressure.
Figure 4(b) shows a comparison of the photon yields for
5.5 and 1.9-!m SF as a function of Ar pressure.

The pump laser power is "100 kW. The diameter of the
collimated pump beam corresponded to a Fresnel number
F=2.9 for the 1.9-!m SF as calculated for the entire col-
umn. Spectrally resolving the SF shows that the 3D3-3P2
emission at 1.97 !m was dominant and that it peaks at
"700 Torr. The peak intensity of the 3D2-3P1 emission at
1.95 !m occurred at "150 Torr but it was approximately
ten times smaller than the peak intensity of the 1.97
-!m emission. Thus the intensities of both emissions ini-
tially increase with increasing buffer pressure until the
collisional rate becomes large enough to dephase the SF.
No SF was observed on the four other possible transi-
tions. Similarly, the peak intensity for the 5.5-!m SF
emission occurs at "300 Torr, and this emission was col-
lisionally dephased at a pressure of "800 Torr.

The solid curve in Fig. 4(a) shows the population of the
3DJ levels based on a rate equation model. The model as-
sumes that the buildup of these population N3DJ

in 3DJ
levels can be written as a system of differential equations
expressed as

dN1P1

dt
= − %TP−D

N1P1
, #2a$

Fig. 3. Time delay of 1.9-!m SF measured from the beginning of
the pump pulse versus SF photon yield N. Ar pressure is 405
Torr; pump beam diameter is 0.19 cm; '1S0(=3.9"1014; circles
represent the data; dashed line is 1/!N predicted by Eq. (1) with
N replaced by N!; dotted line is 1/N dependence predicted by Eq.
(1); solid line is the power law fit to the data by a /Nx+b, which
gives x́=0.37±0.050 and b=9.4±5.0 ns.
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dN1D2

dt
= − %TD−D

N1D2
, #2b$

dN3DJ

dt
= %TP−D

N1P1
+ %TD−D

N1D2
. #2c$

Here, N1P1
, N1D2

, and N3DJ
are level populations. %TP−D

and %TD−D
are the total collisional loss rates out of 1P1 and

1D2, respectively. We assume that the collisional rate de-
pends on the buffer gas pressure as described by %
=nAr#v. Here, nAr is the density of Ar, # is the collisional
cross section, and v is the relative velocity of colliding at-
oms. As discussed in subsection 2.A, the above system of
equations was solved assuming temperature-corrected
collisional rates based on measured values for the Sr–Ar
system14 and the relative values of the Sr–Ca rates re-
ported in Ref. 16.

We made several assumptions to simplify the analysis.
We neglected the radiative rate for the 1P1 level. This is
because radiation trapping preserves the 1P1 excitation
for time scales of "1 !s, which is much larger than the
delay times for the 5.5- and 1.9-!m SF emissions. We also
neglected the radiative decay of the 1D2 and 3DJ states
since the corresponding lifetimes are much larger than
the SF time delays.

Although the population transfer to the 3DJ levels can
be modeled on the basis of rate equations, the dynamics
can be quite complicated, given the gas kinetic rates for
collisional mixing between the 3DJ fine-structure levels (
"5"10−10 cm3 s−1 in Sr according to Ref. 14 and esti-
mated to be "1.4"10−11 cm3 s−1 in Ca based on the mea-
surements of Ref. 16). We therefore chose to ignore this
effect. Similarly, the collisional rates for intramultiplet
mixing between 3PJ−1 levels, which can be of the order of
10−10 cm3 s−1 and result in population transfer during the
time scale of SF emission, were ignored.51 We also ignore
the collisional transfer from 1P1 to 1D2 since the corre-
sponding collisional rate is known to be considerably
smaller than the collisional rate from 1P1 to 3DJ.14 Thus
the 3DJ level is populated mainly by collisional transfer
from the 1D2 and 1P1 levels.

We note that the 1P1 level is populated by collisional
transfer from the dressed states in the presence of the
pump laser and by multiphoton processes during the
pump pulse.21,19 As a result, the 1P1 population is known
to increase as a function of Ar pressure. For this reason,
the intensity of the 5.5-!m SF emission initially increases
with Ar pressure up to "300 Torr until collisional dephas-
ing gradually destroys the signal at pressures of
"800 Torr.21 Over this range of Ar pressures, the SF is
known to occur with high efficiency and to transfer a vari-
able fraction f1 atoms from the 1P1 to the 1D2 level. As de-
scribed in Ref. 21, the fraction was "1 for an Ar pressure
of 1 Torr. For higher pressures, the fraction was reduced
and varied smoothly between 1 and 0.1 over the range of
Ar pressures. f1 was inferred from measurements of the
1P1 population immediately after the pump pulse and
from the measured 5.5-!m SF photon yield for a fixed Ar
pressure. For this reason, we assume that the fraction of
atoms that have not been transferred by SF out of the 1P1
level are collisionally transferred to the 3DJ levels.

We also assume that the population of the 1D2 level at
t=$SF is given by the photon yield for 5.5-!m SF. Here, $SF
is the delay time for 5.5-!m SF measured from the end of
the pump pulse. We assume that these atoms are then
collisionally transferred from the 1D2 level to the 3DJ
level. For these reasons, it is possible to solve Eqs. (2)
without a loss term for depopulation due to SF in Eq. (2a)
and a corresponding buildup term in Eq. (2b).

In summary, we assume that the N1P1
decays exponen-

tially [as given by Eqs. (2)] as a function of time from its
initial value at the end of the pump pulse due to the effect
of collisions until the 5.5-!m SF pulse abruptly lowers the
population at t=$SF. We assume that the 1D2 state is
populated instantaneously at this time and that it can
then begin to collisionally populate the 3DJ level. After
the delay time $SF, atoms remaining in the 1P1 level can
also be transferred to the 3DJ level by collisions. We as-
sume that atoms remaining in 1P1 and the atoms trans-
ferred into 1D2 can then be collisionally excited into the
3DJ until delay time $C, at which time the 1.9-!m SF is
expected to evolve. We then calculate the 3DJ population
as a function of Ar pressure, assuming the values of $SF
and $C measured in the experiment as well as the mea-
sured values of the 1P1 population and the fraction f1.

With these assumptions, the 3DJ level population can

Fig. 4. (a) Photon yield of 1.9-!m SF as a function of Ar pres-
sure. Dots represent the data; solid curve is the result of the
model discussed in the text for the population of the 3DJ level.
There was no scaling to match the photon yield with the calcu-
lated population. The drop in SF photon yield above 700 Torr is
attributed to collisional dephasing, an effect that is ignored by
the model. (b) Absolute photon yields for 5.5-!m (triangles) and
1.9-!m (circles) SF emissions as a function of Ar pressure. In
both (a) and (b) the error in the measured photon yields is ±15%.
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be obtained as a function of Ar pressure by writing the so-
lution to Eqs. (2) in the following manner:

N3DJ
= %TP−D)*

0

$SF

N1P1
dt +*

$SF

$C

N1P1
dt+

+ %TD−D*
$SF

$C

N1D2
dt. #3$

The solid curve in Fig. 4 is the solution, assuming that
the collision time $C extends over "40 ns past the delay
time of the 1.9-!m SF. This would imply that collisions
transfer population for a time scale of the order of the du-
ration of the 1.9-!m SF pulse #"100 ns$. The solid curve
is in reasonable agreement with the measured SF photon
yield, suggesting that the 3DJ level is being pumped dur-
ing the evolution of SF. The disagreement at low Ar pres-
sure is attributed to the sudden threshold for the onset of
1.9-!m transmissions.

The model agrees with the data if the collisional rates
are varied within the ±25% error bars reported in Ref. 14.
But the results predicted by the model do not agree with
the data if the measured value of the 1P1 population is
varied by the extent of the error #±35% $. In summary, the
model seems to be consistent with experimentally mea-
sured parameters but is not sufficiently accurate to con-
stitute a test of the collisional rates reported in Ref. 14 be-
cause of the error in the population measurements.

However, with the development of diode lasers, it has
become possible to reduce the errors associated with the
measurement of the 1P1 population. This should make it
possible to directly infer the collisional rates by measur-
ing the 5.5- and 1.9-!m SF photon yields and the fraction
of atoms in the 1P1 level.

It is also necessary to develop a suitable model to de-
scribe the rapid collisional dephasing of 1.9-!m SF that is
observed for Ar pressures *700 Torr. As in Ref. 21, we es-
timated the dephasing time for SF at 1.9 !m to be
"1.5 MHz Torr. We obtained this estimate using the re-
sults of Ref. 52 and by measuring the SF delay time at the
perturber pressure #"800 Torr$ for which the signal re-
verts to amplified spontaneous emission.

C. Temporal Ringing
Figure 5(a) shows the pulse shape of the 1.9-!m SF as a
function of N for a fixed pump beam diameter and an Ar
pressure of 766 Torr. Here, N was varied by adjusting the
pump laser detuning. The number of slices was inferred
based on the measured photon yield. The signal shows
pronounced temporal ringing and that this ringing is pre-
served even for the time-averaged traces. When the pump
laser detuning is varied, the number of participating at-
oms is reduced, causing in turn a smaller number of in-
dependent cooperative slices in the sample. As expected,
the delay times are found to increase and the temporal
ringing is reduced as shown in Fig. 5. The reduction in
ringing is attributed in this case to the role of collisional
dephasing during the increased evolution time. This ef-
fect broadens and smooths out the temporal oscillations.
The data also qualitatively confirm the predictions of Ref.
53 in the regime where the sample contains several inde-
pendent slices.

Fig. 5. Oscilloscope traces showing 1.97-!m SF pulses for four
different photon yields N. Ar pressure is 766 Torr; pump beam
diameter is 0.19 cm; horizontal time base is 25 ns division. Pump
pulses are positive going and SF pulses are negative going be-
cause of bias voltages of respective detectors. Two records are
overlayed in each graph; the first shows the pump pulse and cor-
responding SF pulse for a single shot; the second shows the av-
erage values of the pump and SF pulses obtained by averaging
256 repetitions. Zeros for SF and pump pulses are shown at the
top and bottom of the graphs, respectively. (a) N=5.9"1013, S
=73; (b) N=2.2"1013, S=45; (c) N=7.2"1012, S=25; (d) N=4.6
"1012, S=20.

Fig. 6. Oscilloscope traces showing 1.9-!m SF pulses for four
different pump beam diameters D. Ar pressure is 405 Torr; hori-
zontal time base is 25 ns/division; vertical scale for SF pulses are
10 mV/division for (a) and (b), 20 mV/division for (c), and
100 mV/division for (d), Pump pulses are positive going and SF
pulses are negative going because of bias voltages of the respec-
tive detectors. Two records are overlayed in each graph: the first
shows the pump pulse and corresponding SF pulse for a single
shot; the second shows the average values of the pump and SF
pulses obtained by averaging 256 repetitions. Zeros for SF and
pump pulses are shown at the top and bottom of the graphs, re-
spectively. (a) D=0.064 cm, (b) D=0.076 cm, (c) D=0.19 cm, (d)
D=0.38 cm.
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We note that the ringing associated with the 5.5-!m
emission21 was very small in comparison. The essential
differences between these two SF emissions seem to be
that the radiative rate of the upper level was ,650 times
larger for the 5.5-!m emission. But the radiative rate for
the 5.5-!m transition was ,94 times smaller than the
rate for the 1.9-!m SF transition. In addition, for the
5.5-!m SF, radiation trapping at the pump wavelength
can cause atoms to be reshuffled into the velocity class (of
the order of the natural linewidth) that participates di-
rectly in SF. This effect is negligible at 1.9 !m. Since the
collisional dephasing rates for the two transitions are
similar #"1 MHz/Torr$, the temporal ringing observed
for the 1.9-!m SF is attributed to the smaller dipole cou-
pling time and the smaller effect due to radiative dephas-
ing for this transition.

It can also be shown that the temporal ringing for the
1.9-!m SF depends on changes in the Fresnel number
that can be effected by changing the pump beam diam-
eter. Figure 6 shows the pulse shape as a function of in-
creasing pump beam diameter at a fixed pump laser de-
tuning and buffer gas pressure (405 Torr). At this
pressure, there was only one contribution to the emission,
namely, SF at 1.97 !m on the 3D3-3P2 transition. The
data show that the number of temporal lobes increases
with an increase in the Fresnel number and that the ring-
ing is washed out on averaging for larger Fresnel num-
bers. Distinct pulse shapes with varying numbers of tem-
poral lobes were also obtained by imaging different radial
sections of the SF pulse on the detector. Thus the data il-
lustrate the effect of different spatial modes on the pulse
shape.

5. CONCLUSIONS
Although many experiments have studied temporal ring-
ing, our work offers the clearest evidence for ringing due
to the propagation of the amplified radiation as it passes
between independently evolving slices as well as the pres-
ence of spatial modes. The extent of ringing is attributed
to a particular set of evolution parameters that are char-
acteristic of the Ca atomic system. Since the SF evolution
is decoupled from the coherent effects of the pump pulse,
the data could be the basis to test detailed simulations
that have been developed earlier.

The inversion between the 3DJ and 3PJ−1 levels is re-
garded as being created uniformly along the length of the
column. In this respect, the system seems to behave like a
transversely excited system, and as a result the time de-
lays show the predicted 1/!N dependence. Although SF
has been widely studied, experiments have not tested pre-
dictions for scaling laws for SF delay times for the case of
simultaneous excitation of the atomic column. This situa-
tion is encountered in atomic beams and laser amplifiers
excited by collisions or electron impact. To the best of our
knowledge, this work is the first confirmation of the N−0.5

dependence of the delay time. In Ref. 21 this scaling law
was observed for the case of swept excitation for entirely
different reasons.

Finally, we note that the accuracy associated with the
populations of the excited states can be improved consid-

erably by use of diode lasers. This makes it feasible to in-
fer collisional rates based on the photon yields for SF and
the exited-state populations.
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